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ON EIGENVALUES OF DOUBLE BRANCHED COVERS
KOUKI SATO
Abstract. For a given knot, we study the minimal number of positive eigen-
values of the double branched cover over spanning surfaces for the knot. The
value gives a lower bound for various genera, the dealternating number and
the alternation number of knots, and we prove that Batson’s bound for the
non-orientable 4-genus gives an estimate of the value. In addition, we use the
value to give a necessary condition for being quasi-alternating.
1. Introduction
Throughout this paper, all manifolds are assumed to be smooth and compact
unless otherwise stated.
For a surface F properly embedded in B4, let MF denote the double branched
cover of B4 over F , and b+2 (MF ) (b
−
2 (MF )) the number of positive (resp. negative)
eigenvalues of the intersection form of MF . Then we can define the knot invariants
b±(K) := min
{
b±2 (MF ) | F is a surface in S3 with ∂F = K
}
and the knot concordance invariants
b±∗ (K) := min
{
b±2 (MF ) | F is a surface in B4 with ∂F = K
}
.
Here, we obtain MF for a surface F in S
3 by pushing the interior of F into the inte-
rior of B4 and taking the double branched cover of the resulting surface. Recently,
Greene [7] gives the following characterization of alternating knots.
Theorem 1 (Greene, [7, Theorem 1.1]). A knot K is alternating if and only if
b+(K) = b−(K) = 0.
This theorem implies that alternating knots can be thought of as the trivial
knot in terms of b±(K), while knots concordant to an alternating knot are like slice
knots in terms of b±∗ (K). In this paper, we study the invariants b
± and b±∗ and
their relationship to various genera, the dealternating number [1], the alternation
number [8] and quasi-alternating knots [13].
Here we mention two results of this work. The first result is an observation of
Batson’s bound of the non-orientable 4-genus [3]. Here the non-orientable 4-genus
γ4(K) of a knot K is the minimal first Betti number of non-orientable surfaces
in B4 with boundary K. Using the Heegaard Floer correction term of the (−1)-
surgery along K ( denoted d(S3−1(K))) and the knot signature σ(K), Batson gives
the inequality
γ4(K) ≥ σ(K)
2
− d(S3−1(K))
and prove that γ4 can be arbitrarily large. Batson’s bound is strong enough to prove
γ4(T2n,2n−1) = n−1 for any integer n > 1 where T2n,2n−1 denotes the (2n, 2n−1)-
torus knot, while the bound becomes a trivial inequality for any alternating knot.
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We found the reason of this gap; Batson’s bound is essentially a lower bound for
b+∗ (K).
Theorem 2. For any knot K, we have
γ4(K) ≥ b+∗ (K) ≥
σ(K)
2
− d(S3−1(K)).
Theorem 2 implies that b+∗ (K) can be arbitrarily large.
Corollary 1. b+∗ (T2n,2n−1) = n − 1 for any n ∈ Z>0. In particular, b+∗ can be
arbitrarily large.
The second result is the following necessary condition for being quasi-alternating.
Theorem 3. If a knot K is quasi-alternating, then b+∗ (K) = b
−
∗ (K) = 0.
In light of Theorem 1, we say that a knot K is 4-dimensionally alternating if
b+∗ (K) = b
−
∗ (K) = 0. Theorem 3 says that if a knot K is quasi-alternating, then
K is 4-dimensionally alternating. Then, is the inverse also true? The answer is
no; we classify 4-dimensionally alternating knots up to 10 crossings, and give 4-
dimensionally alternating knots which are not concordant to any quasi-alternating
knot.
Proposition 1. The knots 10139, 10152, 10154 and 10161 in Rolfsen’s table are 4-
dimensionally alternating but not concordant to any quasi-alternating knot. For
any other knot K with up to 10 crossings, K is 4-dimensionally alternating if and
only if K is quasi-alternating or slice.
Remark. If K∗ is the mirror of K, then b−(K) = b+(K∗) and b−∗ (K) = b
+
∗ (K
∗).
Hence we only need to study b+(K) and b+∗ (K), but we often use b
−(K) and b−∗ (K)
for convenience.
Acknowledgements. The author was supported by JSPS KAKENHI Grant Num-
ber 15J10597.
2. Relationship to various genera of knots
In this section, we study the relationship of b±(K) and b±∗ (K) to genera of knots.
We start from orientable genera of knots. The 3-genus g3(K) ( the 4-genus g4(K))
of a knot K is the minimal number of the genus of any orientable surface in S3
(resp. in B4) with boundary K. Then Gordon-Litherland’s theorem [6] gives the
following inequalities;
Proposition 2. For any knot K, we have
b±(K) ≤ g3(K)± σ(K)
2
,
and
b±∗ (K) ≤ g4(K)±
σ(K)
2
.
Proof. In [6], Gordon and Litherland prove that for any orientable surface F in B4
with boundary K, we have
σ(MF ) = σ(K),
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where σ(MF ) = b
+
2 (MF )−b−2 (MF ). In addition, let bi denote the i-th Betti number,
and then we can verify that
2g(F ) = b1(F ) = b2(MF ) = b
+
2 (MF ) + b
−
2 (MF ).
By these equalities, we have
b±2 (MF ) =
1
2
(b2(MF )± σ(MF )) = g(F )± σ(K)
2
.
Hence, if F is in S3 and has genus g3(K), then we have
b±(K) ≤ b±2 (MF ) = g3(K)±
σ(K)
2
.
Similarly, if F is in B4 and has genus g4(K), we have
b±∗ (K) ≤ b±2 (MF ) = g4(K)±
σ(K)
2
.

Next we consider non-orientable genera of knots. The non-orientable 3-genus
γ3(K) of a knot K is the minimal number of the first Betti number of any non-
orientable surface in S3 with boundary K. Then we have the following;
Proposition 3. For any knot K, we have
b+(K) + b−(K) ≤ γ3(K),
and
b+∗ (K) + b
−
∗ (K) ≤ γ4(K).
Proof. For any surface F in B4 with boundary K, we can verify that
b1(F ) = b2(MF ) = b
+
2 (MF ) + b
−
2 (MF ).
Hence if F is a non-orientable surface in S3 with ∂F = K and b1(F ) = γ3(K), then
we have
γ3(K) = b1(F ) = b
+
2 (MF ) + b
−
2 (MF ) ≥ b+(K) + b−(K).
Similarly, we can prove that γ4(K) ≥ b+∗ (K) + b−∗ (K). 
3. Dealternating number and alternation number
We next consider the dealternating number and the alternation number. We first
recall the definition of these invariants. A knot diagram is n-almost alternating
if n crossing changes in the diagram turn the diagram into an alternating knot
diagram. We say that a knot K has the dealternating number n if K has an n-
almost alternating diagram and no k-almost alternating diagram for any k < n. We
denote the dealternating number of K by dalt(K). The alternation number alt(K)
of a knot K is the minimal number of the Gordian distance between K and any
alternating knot. Then we have the following inequalities.
Proposition 4. b+(K) + b−(K) ≤ dalt(K).
Proposition 5. b+∗ (K) + b
−
∗ (K) ≤ 2d alt(K)2 e.
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The aim of this section is to prove the above two propositions. To prove Propo-
sition 4, we use the Goeritz form for surfaces in S3, which is introduced in [6].
For a surface F in S3, let GF denote the Goeritz form for F , σ(GF ) the sig-
nature of GF , and e(F ) the Euler number of F . Then it is proved in [6] that
σ(GF ) = σ(MF ) = σ(K)− e(F )2 .
Proof of Proposition 4. Suppose that a diagram D for a knot K is deformed into
an alternating diagram D′ for a knot K ′ by n crossing changes. Note that D and
D′ have the same projection. We choose an orientation of K and a checkerboard
coloring of D arbitrarily, and choose those of K ′ and D′ so that the orientation and
coloring on the projection induced by K ′ and D′ are equal to ones induced by K
and D. Let B (and W ) denote the spanning surface for K in S3 dedicated by the
black regions (resp. white regions) on D. Similarly, we take the spanning surfaces
B′ and W ′ for K ′ from the checkerboard coloring of D′ respectively. Here we note
that since D′ is an alternating diagram, one of GB′ and GW ′ is positive definite
and the other is negative definite. We may assume that GB′ is positive definite.
We consider the value of σ(GB) and σ(GW ). On the diagrams D and D
′, we
divide n crossings performed crossing change into two types; Type I and Type II
in Figure 1. In addition, we assign +1 or −1 to each crossing as shown in Figure 2,
which is called the sign of a crossing. Let n1 (and n2) denote the number of Type
I (resp. Type II) crossings. Then n = n1 + n2. Moreover, the Euler number of B
and B′ are computed by counting the sign of Type II crossings, and we see that
|e(B
′)
2
− e(B)
2
| ≤ 2n1.
Similarly, the Euler number of W and W ′ are computed by counting the sign of
Type I crossings and we have
|e(W
′)
2
− e(W )
2
| ≤ 2n2.
Now, since b1(B) = b1(B
′) = σ(GB′), we see that
σ(GB) = σ(K)− e(B)
2
≥ σ(K)− e(B
′)
2
− 2n1
= σ(K)− σ(K ′) + b1(B)− 2n1.
This implies that
n1 ≥ 1
2
(b1(B)− σ(GB)) + 1
2
(σ(K)− σ(K ′)) = b−2 (MB) +
1
2
(σ(K)− σ(K ′)).
Similarly, since b1(W ) = b1(W
′) = −σ(GW ′), we see that
σ(GW ) ≤ σ(K)− σ(K ′)− b1(W ) + 2n2.
This implies that
n2 ≥ 1
2
(b1(W ) + σ(GW )) +
1
2
(σ(K ′)− σ(K)) = b+2 (MW ) +
1
2
(σ(K ′)− σ(K)).
Since n = n1 + n2, we have
n = n1 + n2 ≥ b+2 (MW ) + b−2 (MB) ≥ b+(K) + b−(K).
This completes the proof. 
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Type I Type II
Figure 1. Type of crossings
+1 −1
Figure 2. Sign of crossings
Next we prove Proposition 5.
Proof of Proposition 5. Suppose that a knot K is deformed into an alternating knot
J after n crossing changes. Then the regular homotopy dedicated by the crossing
changes gives a self-transverse immersed annulus A in S3 ×[0, 1] such that the
number of its self-intersections is n and (∂(S3 × [0, 1]), ∂A) is diffeomorphic to the
disjoint union (S3,K) q (S3, J∗). By the argument in the proof of [9, Proposition
2.3], we can construct a (possibly non-orientable) cobordism C in S3× [0, 1] from J
to K which satisfies b1(C) = 2dn2 e+ 1. Here, since J is alternating, J bounds two
surfaces P and N in B4 such that MP and MN are positive definite and negative
definite respectively. Now, by gluing C with P and N along J , we obtain two
surfaces C ∪ P and C ∪N in B4 with boundary K. Since MC∪P = MC ∪MP and
MC∪N = MC ∪MN , it follows from elementary homology theory that
(1) b−2 (MC∪P ) = b
−
2 (MC),
(2) b+2 (MC∪N ) = b
+
2 (MC), and
(3) b+2 (MC) + b
−
2 (MC) = b1(C)− 1.
These imply that 2dn2 e = b+2 (MC∪N ) + b−2 (MC∪P ) ≥ b+∗ (K) + b−∗ (K). 
4. Proof of main theorems
In this section, we prove Theorem 2 and Theorem 3. We start from Theorem 2.
Proof of Theorem 2. The inequality γ4(K) ≥ b+∗ (K) is given by Proposition 3. We
prove b+∗ (K) ≥ σ(K)/2− d(S3−1(K)).
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Let F be a surface in B4 with boundary K. We first assume that b1(F ) is odd.
Then F is non-orientable, and it follows from [3, Theorem 1.5] that
b1(F ) ≥ e(F )
2
− 2d(S3−1(K)). (1)
Moreover, as mentioned in Section 3, the equality
σ(MF ) = σ(K)− e(F )
2
also holds. Combining them, we have
σ(K)− 2d(S3−1(K)) ≤ b1(F ) + σ(MF ) = 2b+2 (MF ). (2)
Next we assume that b1(F ) is even. Then, by taking the boundary connected sum
of F with a Mo¨bius band in B4 with boundary the unknot and Euler number +2,
we have a non-orientable surface F ′ in B4 with boundary K such that b1(F ′) =
b1(F ) + 1 and e(F
′) = e(F ) + 2. By applying [3, Theorem 1.5] to F ′, we have
b1(F ) + 1 ≥ e(F ) + 2
2
− 2d(S3−1(K)).
This inequality is equivalent to the inequality (1), and hence the inequality (2) also
holds in this case. This completes the proof. 
Next, we prove Theorem 3. We first recall quasi-alternating links. For a link L,
fix a diagram of L and choose a crossing on the diagram. Then we obtain two links
L0 and L1 by replacing the crossing by the two simplifications shown in Figure 3.
We call the links L0, L1 a pair of resolutions for L. The set Q of quasi-alternating
links is the smallest set of links which satisfies the following properties:
(1) the unknot is in Q
(2) the set Q is closed under the following operation. Suppose L is any link
which has a pair of resolutions L0, L1 with the following properties:
• L0, L1 ∈ Q,
• det(L0),det(L1) 6= 0,
• det(L) = det(L0) + det(L1);
then L ∈ Q.
Here det(L) denotes the determinant of L; namely, if we denote the double branched
cover of S3 over L by Σ(L), then
det(L) :=
{ |H1(Σ(L);Z)| (if H1(Σ(L);Z) is finite)
0 (otherwise)
.
Figure 3. Resolutions for a link L
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Figure 4.
For a quasi-alternating link L = L∅ and its resolutions L0, L1 satisfying the
property (2), choose the checkerboard coloring of their diagrams as shown in Figure
4. For each i ∈ {∅, 0, 1}, let Bi (and Wi) denote the spanning surface for Li in S3
dedicate by the black regions (resp. white regions). Then the differences B∅ − B1
and W∅ −W0 can be regarded as cobordisms in S3 × [0, 1] from L0 and L1 to L
respectively. We denote these cobordisms by CB and CW respectively. Theorem 3
follows from the following lemma.
Lemma 4. The double branched cover MCB is positive definite, and MCW is neg-
ative definite.
Proof. We first consider MCB . For a given 4-manifold M , let QM denote the
intersection form of M . Since MB∅ = MB1∪MCB and Σ(L1) is a rational homology
3-sphere, the bilinear form QMB∅ is isomorphic to QMB1 ⊕ QMCB over Q. Since
b2(MCB ) = b2(MB∅)− b2(MB1) = 1, the 4-manifold MCB is positive definite if and
only if σ(MCB ) = σ(MB∅)− σ(MB1) = 1.
It is proved in [6] that for any surface F in S3, its Goeritz form GF is isomorphic
to QMF , and so we can prove σ(MB∅)−σ(MB1) = 1 by studying the Goeritz forms
GB∅ and GB1 . Let gB1 be a representation matrix for GB1 . Note that B1 is lying
both in B∅ and in B0, and there exist representation matrices gB∅ and gB0 for GB∅
and GB0 such that
gB∅ =
(
a b
bτ gB1
)
and gB0 =
(
a− 1 b
bτ gB1
)
for some integer a and row vector b. Moreover, there exist Q-coefficient square
matrices p and q which satisfy
(1) det p = det q = 1,
(2) the product p(gB1)p
τ is a diagonal matrix, and
(3)
q(gB∅)q
τ =
(
a′ 0
0 p(gB1)p
τ
)
and q(gB0)q
τ =
(
a′ − 1 0
0 p(gB1)p
τ
)
for some rational number a′.
This implies that σ(MB∅) − σ(MB1) = 1 if and only if a′ > 0. We compare the
determinant of gB∅ , gB0 and gB1 to prove a
′ > 0. It is known that for a 4-manifold
M , the determinant of any representation matrix for QM is equal to the order of
H1(∂M ;Z). Hence we see that
det(Li) = |det(gBi)|
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and
det(gB∅) = a
′ · det(gB1) = det(gB0) + det(gB1).
Since det(L) = det(L0) + det(L1), the above equalities imply that det(gB0) and
det(gB1) have the same sign, and so a
′ = det(gB0 )det(gB1 ) + 1 is positive. Similarly, we can
prove that MCW is negative definite. 
Proof of Theorem 3. Here we prove Theorem 3 for all quasi-alternating links; name-
ly, we prove that any quasi-alternating link bounds surfaces P and N in B4 whose
double branched cover MP and MN are positive definite and negative definite re-
spectively. We prove this assertion by induction on det(L).
If L is a quasi-alternating link with det(L) = 1, then L is the unknot and
obviously 4-dimensionally alternating. Suppose that det(L) = n > 1 and Theorem
3 holds for any quasi-alternating link with determinant less than n. Then there
exists a pair of resolutions L0, L1 for L, such that L0, L1 are quasi-alternating and
det(L) = det(L0) + det(L1). Since det(L0),det(L1) < n, we can take spanning
surfaces N0 and P1 for L0 and L1 in B
4 whose double branched cover are negative
definite and positive definite respectively. Therefore, it follows from Lemma 4 that
CW ∪N0 (and CB ∪ P1) is a spanning surface for L in B4 whose double branched
cover is negative definite (resp. positive definite). This completes the proof. 
5. Proof of Proposition 1
In this section, we prove Proposition 1. Note that any slice knot is obviously 4-
dimensionally alternating, and it follows from Theorem 3 that any quasi-alternating
knot is 4-dimensionally alternating. Therefore, Proposition 1 follows from the fol-
lowing proposition.
Proposition 6. The knots 10139, 10152, 10154 and 10161 are 4-dimensionally alter-
nating but not concordant to any quasi-alternating knot. For any knot K with 10
or fewer crossings except for the above four knots, if K is neither quasi-alternating
nor slice, then K is not 4-dimensionally alternating.
Moreover, it is described in [5] that a knot K with 10 or fewer crossings is not
quasi-alternating if and only if K is one of the following 14 knots
819, 942, 946, 10124, 10128, 10132, 10136,
10139, 10140, 10145, 10152, 10153, 10154, and 10161,
where 946, 10153 and 10140 are slice knots. Taking these facts into consideration,
we decompose Proposition 6 into the following three lemmas.
Lemma 5. If K is one of 8∗19, 9
∗
42, 10
∗
128 and 10
∗
136, then
σ(K)
2 − d(S3−1(K)) = 1,
and hence K is not 4-dimensionally alternating.
Lemma 6. If K is one of 10124, 10132 and 10145, then Σ(K) cannot bound any
positive definite 4-manifold, and hence K is not 4-dimensionally alternating.
Lemma 7. The knots 10139, 10152, 10154 and 10161 are 4-dimensionally alternating
but not concordant to any quasi-alternating knot.
We first prove Lemma 5.
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Proof of Lemma 5. Lemma 5 in the case of 8∗19 and 9
∗
42 are proved in [3] and [15]
respectively. We prove the lemma for 10∗128 and 10
∗
136. It is easy to check that
σ(10∗128) = 6 and σ(10
∗
136) = 2. To compute d(S
3
−1(K)), we use Ni-Wu’s Vk-
sequence [10]. Here Vk is a Z≥0-valued concordance invariant for each k ∈ Z≥0. In
particular, it follows from [10, Proposition 1.6] that
d(S3−1(K)) = −d(S31(K∗)) = 2V0(K∗).
We compute V0 of 10128 and 10136 by using the following proposition, which im-
mediately follows from [14, Proposition 1.9]. Here we denote CP 2 with open 4-ball
deleted by puncCP 2.
Proposition 7. Suppose that a knot K bounds a disk D in puncCP 2 such that
[D, ∂D] = nγ ∈ H2(puncCP 2, ∂(puncCP 2);Z) for a generator γ and some odd
integer n > 0. Then we have
V0(K) =
(n− 1)(n+ 1)
8
.
As shown in Figure 5 and 6, we see that 10128 and 10136 bounds a disk in
puncCP 2 with n = 3 and n = 1. By Proposition 7, we have V0(10128) = 1 and
V0(10136) = 0. This completes the proof. 
Figure 5. 10128 bounds a disk in puncCP 2 with n = 3
Figure 6. 10136 bounds a disk in puncCP 2 with n = 1
In order to prove Lemma 6 and Lemma 7, we use Akbulut’s method in [2] for
describing a handle diagram for the double branched cover of B4 over any ribbon
surface.
Proof of Lemma 6. We can verify that the boundary of the ribbon surfaces in Fig-
ure 7, Figure 8 and Figure 9 are 10124, 10132 and 10145 respectively. By applying
Akbulut’s method to these ribbon surfaces, we see that Σ(10124) = S
3
−1(3
∗
1) =
−S31(31), Σ(10132) = S3−5/2(3∗1) = −S35/2(31) and Σ(10145) = S3−3(5∗2) = −S33(52).
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It is proved in [11] that for any r ∈ Q>0, the manifold S3r (31) bounds a negative def-
inite definite 4-manifold if and only if r ≥ 4. Hence neither Σ(10124) nor Σ(10132)
can bound a positive definite 4-manifold.
Assume that Σ(10145) = −S33(52) bounds a positive definite 4-manifold M , and
let C be the cobordism represented by the relative handle diagram in Figure 10.
Since C is negative definite and ∂C = −S33(52) q S33(31), the manifold −M ∪ C is
a negative definite and has boundary S33(31). This contradicts the above result of
[11], and hence Σ(10145) cannot bound any positive definite 4-manifold. 
Figure 7. a ribbon surface with boundary 10124
Figure 8. a ribbon surface with boundary 10132
Figure 9. a ribbon surface with boundary 10145
Figure 10. a negative definite cobordism from S33(51) to S
3
3(31)
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Finally, we prove Lemma 7. To prove Lemma 7, we use H(2)-move, which is
a deformation of link diagram shown in Figure 11. If a diagram D1 for a knot
K1 is deformed into a diagram D2 for a knot K2 by an H(2)-move, then we can
naturally obtain a non-orientable cobordism C from K1 to K2 in S
3 × [0, 1] such
that b2(MC) = 1. Moreover, if we denote the writhe of a knot diagram D by w(D),
then the equality e(C) = −(w(D2) − w(D1)) holds, and hence Gordon-Literland’s
formula induces the equality
σ(MC) = (σ(K2)− σ(K1)) + 1
2
(w(D2)− w(D1)).
We say that an H(2)-move is positive (negative) if σ(MC) = 1 (resp. σ(MC) = −1).
Figure 11. H(2)-move
Proof of Lemma 7. Let τ be Ozsva´th-Szabo´’s τ -invariant [12]. It follows in [4] that
the knots 10139, 10152, 10154 and 10161 do not satisfy τ(K) = −σ(K)2 , and hence
they are not concordant to any quasi-alternating knot. We prove that these knots
satisfy b±∗ (K) = 0. Here we consider the case of 10139. It immediately follows
from the lower diagrams in Figure 12 that b+∗ (10139) = 0. Moreover, the knot 10139
is obtained from 3∗1 by the positive H(2)-move shown in the upper diagrams of
Figure 12. Since 3∗1 bounds a surface in B
4 whose double branched cover is positive
definite, we have b−∗ (10139) = 0. Similarly, Figure 13, Figure 14 and Figure 15
shows that 10152, 10154 and 10161 satisfy b
±
∗ (K) = 0. 
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